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All rings considered in this paper are assumed to be commutative with an 
identity. By a ring homomorphism we shall mean one that transforms the 
identity element into the identity element. We shall denote rings by R, alge- 
bras over R by A, the Krull dimension of A by dim. A, and the group of units 
of A by A*. 
Let R be a ring, by a finite R-algebra we shall mean, a ring A containing R 
and which is at the same time a finitely generated R-module. By an order of A 
we shall mean a subalgebra of A which has the same rank as A over R. Our 
main objective in this paper shall be to establish an analog of Dirichlet’s 
unit theorem in the global-fields case for the group of units of a finite R-alge- 
bra A (R denoting a principal ideal domain all of whose residue fields are 
finite). We shall prove a conjecture1 (Theorem 1.2.1) specifying the rank of 
the above mentioned group. 
The first section of this paper contains some preliminary results on finite 
R-algebras. We prove here that if B is any order of a free R-algebra A of 
rank n, R a principal ideal domain, then 
rank(A*) = rank(B*). 
The next section contains the results pertaining to the group of units of a 
finite R-algebra. We also prove that if A is a free R-algebra of rank n, R being 
a rational global ring, then rank(A*) < n. 
In the third section, we apply the above mentioned results to some special 
cases and we specify the existence of integral solutions of certain families 
of Diophantine equations. 
* This paper is a generalization of a part of the author’s dissertation written at the 
University of Paris under the direction of Professor P. Samuel. 
1 It seems that this result was suspected to be true by several people. I wish to 
thank Professor Samuel for having brought this conjecture to my attention. 
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1. SOME PROPERTIES OF FINITE R-ALGEBRAS 
Let us recall the following well known result: 
PROPOSITION 1.1.1. Let A be a finite R-algebra, then 
(i) R noetherian implies A noetherian 
(ii) dim. A < dim. R. 
In particular, if R is a principal ideal domain then dim. A < 1. 
THEOREM 1.1.2. Let R be a Dedekind ring all of whose residue fields are 
finite, let A be a$nite R-algebra, and let T(A) be the torsion ideal of A, then 
rank(A*) = rank(A/T(A))*. 
We shall need the following: 
LEMMA 1.1.3. For a Dedekind ring R, the following two statements are 
equivalent : 
(i) all residue fields of R areJinite 
(ii) for any given element a E R, a # 0, the residue ring R/(a) is jnite. 
The proof is straightforward. 
LEMMA 1.1.4. The hypothesis being that of Theorem 1.1.2, we conclude 
that T(A) has only a$nite number of elements. 
Proof. The ideal T(A) is a finitely generated R-module, let {rr ,..., m} 
be a system of generators. If a, E R is such that aiyi = 0, 1 < i < n, then the 
element a = ala2 ..* a, E R annuls all the elements of T(A), ax = 0, x E T(A). 
But since R/(a) is finite (Lemma 1.1.3), we see that T(A) is necessarily finite. 
For a given ring R and an ideal I C R, we shall denote by q~ the canonical 
homomorphism 
rp:R+R/I 
and by p* the restriction of v to the group of units R* of R 
q* : R* --, (R/I)*. 
LEMMA 1.1.5. Let R be a noetherian ring and suppose that the subideals 
of a given ideal f or R satisfy the descending chain condition, then the mapping 




Proof. Since the subideals of 1 satisfy the d.c.c., some power j = P, 
IZ G I, is idempotent. 
Let us suppose that II >P I and let 19 denote the mapping 
0 : R/I” ---f R/I”-‘. 
The induced mapping 
B* : (R/I’“)* ---+ (R/P’)* 
is onto. For if N’ E (R/1+l)*, there exists y’ E (R/l’“-‘)” such that s’y’ =-= 0(I). 
Hence there exist X, y E R/IT1 such that 6’(x) = x’, 0(y) m= y’, e(~y -- I) E I”- i, 
antny “t;,- I):; y;dzXCE{., ;I‘his implies that (“y --- I)’ E I”, 
2 11 n * 
It suffices therefore to prove the mapping 
(I’: : R* - (R/J)* 
is onto. 
Consider the ideal (x), .T E J. By the Artin-Rees Lemma there exists an 
integer k > 0 such that for all n ‘5 k one has 
(J?’ J) n (x) = J’“-‘(J” . J n (x)). (1.1.6) 
Setting n = k + 1, we obtain 
J”‘-~” n (x) = J(J”~-l n (x)) ~ (3~) = Jx. (1.1.7) 
In particular, there exists a E J such that x = ar = &c, (u) :~= (2) = /. This 
on the other hand implies that a = u$, u E R*, uu --= &2 = h. In other 
words, J (b), h idempotent. From this we deduce that 
Rm:j@Ann(J)=(b)@(l--b). (1.1.8) 
Since J is a direct summand of R, the short exact sequence 
O-J-R:RR;‘J+O 
splits. Hence there exists a map 
P : RIJ-tR p : RI J ry Ann J (1.1.9) 
such that 01 . ,f3 is the identity on R/J. 
Let x E (R/J)*, there exists X’ E (R/J)* such that XX’ = a(l). There exist 
elements y, y’ E Ann(J) such that 
y = /3(x) = x(1 - ZJ), y’ = /3(x’) = .z’(l - b), 
yy’ = P(d) = xx’( I - h)Z = xx’( I - b) = 1 - 6. 
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Hence there exist elements y + b, y’ + b E R such that 
a(y + b) = a(y) = a . /3(x) = x, a( y’ + b) = a(y’) = a . fl(x’) = x’, 
and 
(y + b) (y’ + b) = yy’ + b2 = 1 - b + b2 = 1. 
This proves that 
is onto. 
a* : R* -+ (R/J)* 
We are now in a position to prove our theorem. 
By Lemma 1.1.5, the mapping 
v* : A* + (A/T(A))* 
is onto. We therefore obtain the group isomorphism 
A*/ker v* N (A/T(A))*. (1.1.10) 
Now ker v* C 1 + T(A), because x E ker q~* implies x = 1 + t, t E T(A). 
Since T(A) is finite (Lemma 1.1.4), ker v* is necessarily a finite subgroup 
of A*. From the isomorphism (1.1.10) we now deduce that 
rank@*) = rank(A*/ker y*) = rank(A/T(A))*. (1.1.11) 
We therefore see that in order to determine the rank of the group of units 
A* of a finite R-algebra A, R a principal ideal domain all of whose residue 
fields are finite, it suffices to consider A as a free R-module. 
We shall suppose from hereon that A is a free R-algebra of rank n, R a 
domain, and that (wr ,..., wu,} is a basis of A over R. 
For a given element 01 E A, the application 
ma: A-PA, m,(x) = m, XEA 
(multiplication by a) is an endomorphism of the R-module structure of A. 
We shall denote: 
(i) the matrix of m, relative to the given basis {wr ,..., wn} by 
Icl, = (4 
(ii) the trace of 01 = x1” mii by Tr,,,(ol) 
(iii) the norm of 01 = det M, = det(Mij) by NAIR(~). 
PROPOSITION 1.1.12. Let 01 = Cl” xiwi E A, xi varying over R. The norm 
N&oL) is a homogeneous form of degree n in the n variables xi , 1 < i < n. 
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Proof. The norm NAIR(~) =y det(MJ IS a polynomial function in the n 
variables xi , 1 < i .< n. Upon replacing xi by tx, , 1 < i < n, one has the 
obvious relationship 
N“&tOI) -= PN,j,(ol). 
PROPOSITION 1.1.13. Let (Y E A, a necessary and su&%ient condition for a 
to be a unit of ,4 is that iV,,,(cu) E R*. 
The proof is straightforward and is also well known (cf. [I]). 
PROPOSITION I .I .14. Let a E A, then 01 is a zero divisor if and only if 
n:,,R(OI) = 0. 
Proof. Let F denote the quotient field of R. The F-algebra E: 
is an n-dimensional vector space over F, containing A. For the endomorphism 
m, : 
m,: E--tE, 
the following conditions are equivalent: 
(9 or is not a zero divisor, 
(ii) m, is bijective, 
(iii) det(M,) # 0. 
Since AIR == det(MJ, we conclude that 01 is a zero divisor in A iff 
NA,,(cx) = 0. 
Remark 1.1.15. Let us suppose that R z Z and let CY E A, 01 not a zero 
divisor. Then 
1 N,,Z(~)/ = cardinal(A/ALu). 
The proof is identical to that known for algebraic numbers [4, p. 62, 
Proposition 11, keeping in mind that we are supposing that 01 is a nonzero 
divisor. 
LEMMA 1. I. f 6. Let us suppose that R is a principal ideal domain and let B 
be an oder of A. Then for (Y E B one has 
N,,,(4 = r\la;d4 
Proof. There exists a basis {pr ,..., pn} of B such that pi = ciwi , ci E R, 
ci + 0, ci dividing ci+r , 1 < i < n - 1 [4, p. 26, Theorem 11. 
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Let us denote 
We get the following relationships: 
ciw = M,w, air. = MAIL, p. = cw, 
where MI and Ma are the matrices of m, relative to the bases w and I”, 
respectively. It is clear that MI , M, , C E M,(R). 
Now 
N,d4 = det Ml7 NBIR(~ = det M2 , 
M,y = M&w = cq = C(aw) = CM,w. 
Hence M,C = CM,, MI = C-lM,C. We conclude that 
det(M,) = det(CIMaC) = det(M,). 
In other words we have AIR = N~,~(oI). 
LEMMA 1.1.17. Let us suppose that R is a Dedekind ring. Then the set of 
elements in A of given norm ejc E R, c # 0, ej E R*, generate only a finite 
number of distinct principal ideals in A. 
Proof. Let OL E A such that AIR = ejc # 0. The element 01 is a divisor 
of c in A and hence Aol3 AC. 
The residue ring R/Rc is principal, semilocal and of dimension zero [6, 
p. 278, Corollary I]. The residue ring A/AC is a finite R/Rc-algebra. We 
therefore deduce from Proposition 1.1.1 that A/AC is noetherian, semilocal 
and of dimension zero. The algebra A/AC is therefore a semilocal artinian 
ring, and hence has only a finite number of ideals. We therefore conclude 
that there are only a finite number of ideals in A that contain the element 0~. 
Two nonzero divisors of A generate the same principal ideal if and only if 
they are associated in A. There are therefore only a finite number of pairwise 
nonassociated elements in A of given norm ejc # 0, ej E R*, c E R. 
THEOREM 1.1.18. Let us suppose that R is a principal i&al domain and 
let B be an order of A. Then one has 
rank(A*) = rank(B*). 
Proof. Suppose that rank(A*) # rank(B*); this implies that the quotient 
group A*/B* is of infinite order. We shall prove that this leads to a contra- 
diction. 
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There exists a basis {pr ,..., pcLn} of B such that pi = ciwi , ci E R, ci # 0, 
ci dividing ci+r , 1 < i < n - 1. In other words 
{WI )...) w,) = I? )..., y 
n 
is a basis of A. Now saying that A*/B* is of infinite order is equivalent to 
saying that there exist an infinite number of elements in A* of the form 
where 
aji E R, A = fi ci # 0, Si E B, j = I, 2,..., 
1 
and 
Sj/A F +/A (mod B*) if jij'. 
From Proposition 1. I. I3 and Lemma 1.1.16 we deduce that the norms of 
these elements Sj E B are associated elements of R: 
.NA/R(Sj) = iVB,R(Sj) = ejAn, ej E R*, j= 1,2 ,... . 
But Lemma 1.1.17 tells us that there are only a finite number of pairwise 
nonassociated elements of B of given norm ejAn, ej E R*. Hence there exist 
an infinite number of Sj which are associated in B. Let a,, 6,~ , t # t’ be two 
such elements. We therefore have 
s,, = 77 . 6, ) rl~B*r 
6,f/A = 17 .6,/A, t + t’. 
This last relationship is contrary to the hypothesis we made earlier that 
&/A + &/A (mod B*). 
2. THE RANK OF THE GROUP OF UNITS A* 
We shall suppose from hereon that R is a principal ideal domain all of whose 
residue fields are finite and that A is a free R-algebra of rank n. We shall let F 
denote the quotient field of R and N the nilradical of A. It follows from Propo- 
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sition 1.1.1 that A is a noetherian ring of dimension < 1. The ideal N is the 
intersection of a finite number of distinct minimal prime ideals of A, 
N= ;pi. 
1 
The residue rings A/p, , 1 < i < m, are integral domains and finite R-alge- 
bras. Their quotient fields Ki , 1 < i < m, are therefore finite extensions 
either of some finite fields F, or of F itself. In particular, if R is a rational 
global ring (R = 2 or R = k[x], K a finite field) then the Ki are either finite 
fields or global fields. The residue rings A/p, are orders of Ki , 1 < i < m, 
and one can use the Dirichlet unit theorem and Theorem 1.1.18 to determine 
rank(A/p,)*, 1 < i < m. We are interested in expressing the rank of A* in 
terms of the ranks of the (A/pi)*, 1 < i < m, and the rank of N. 
THEOREM 1.2.1. Let A be a free R-algebra of rank n and let N be its nil- 
radical, N = nlm pi , pi being distinct minimal prime ideals of A. We then 
have the relation: 
rank(A*) = F rank(A/p,)* + rank(N). (1.2.2) 
1 
Proof. We shall consider three cases. 
Case (i). A is an integral domain. 
The only minimal prime ideal of A is (0) and N = (0). The relation (1.2.2) 
is therefore trivially true in this case. 
Case (ii). A is reduced. 
The ideal (0) is the intersection of a finite number of minimal prime ideals 
of A, 
(0) = fi Pi * 
1 
The canonic map 
?:A-fiA/pi 
1 
is injective and hence the mapping of R-modules 
is also injective. 
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Let us denote A’ = A OR F, pi’ = piS’ = pi OR F, 1 .< i c< m. 
The algebra A’ is a free F-algebra of rank 71, for A is a free R-algebra of 
rank 71. It follows from Proposition 1.1.1 that A’ is noetherian and of dimen- 
sion zero. In other words the ring A’ is artinian. 
On the other hand the residue rings A/p, , 1 gi i < m, are integral domains 
and finite R-algebras. Their quotient fields Ki , 1 < i < m, are therefore 
finite extensions of either some finite fields or of F itself. It follows that the 
algebras A/p, OR F, 1 < i -< m, are finite F-algebras and noetherian domains 
of dimension zero. They are therefore artinian rings and hence fields. Since 
there are only two possibilities: 
(i) A/p, OR F = I$ OR F 7~ 0, if char K, # char F, 
(ii) ,4/p, OR F = Ki OR F = Ki , if char Ki = char F. 
Let us consider the exact sequence 
Since F is a flat R-module, the sequence 
O--tpi@)F+A@F+A/p,@F-tO 
R R R 
is also exact. Hence we obtain the isomorphism 
Alp, @F 'v A @F/pi @F = At/pi‘, l<i<m. 
R R R 
We therefore deduce that the ideals pi’, 1 < i < m, of A’ are either maximal 
or equal to A’. The mapping 
is injective, and since the pi’, 1 < i < m, are comaximal, the Chinese 
remainder theorem (cf. [6, p. 177, Theorem 311) tells us that v’ is onto. In 
other words we have the isomorphism: 
A’ N fi A’/pi’ = (fi A/p,) OF. 
1 1 IR 
(1.2.3) 
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Let E = n,” A/pi; it is easy to see that E is a finite and free R-algebra. 
The quotient ring E/A is a finitely generated R-module and the isomorphism 
(1.2.3) implies that 
(E/A) @F = 0. 
R 
We therefore deduce that E/A is a torsion module and hence finite (see the 
proof of Lemma 1.1.4). This implies that the two R-modules E and A are of 
equal rank 
rank(E) = rank(A) = f rank(A/p,). 
1 
We can therefore apply Theorem 1.1 .18 to deduce that 
rank(A*) = rank(E*). 
We conclude that 
rank(A*) = rank * = F rank(A/p,)*. 
1 
Case (iii). The general case. 
The residue algebra A/N is noetherian, reduced, free and of rank < 71. The 
exact sequence of R-modules 
O+N-tA+A/N+O 
splits and hence we have the isomorphism 
A -A/NON. 
Let us denote by v the canonic mapping 
cp:A-+A/N, 
and by CJJ* the restriction of v to A* 
?* : A* --+ (A/N)*. 
(1.2.4) 
We shall prove the isomorphism 
A*/ker v* N_ (A/N)*. (1.2.5) 
It is known that ker v* = 1 + N [4, p. 791. Let % E (A/N)* and let 7 be its 
inverse. There exist elements X, y E A such that V(X) = 3, y(y) = 7, 
v(zy) =%jj =i. Hence xy = 1 + t, HEN, xyEkery* = 1 + N. There 
exists therefore z E A* such that (xy) z = x(yz) = y(xz) = 1. In other words 
X, y E A*, v* is onto and we have the isomorphism (1.2.5). 
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Let us denote G, = 1 + LX”, i > 1. The subsets G, of ,4 are subgroups 
of A* and there exists a positive integer h such that Nh = (0), Gh -z (1). 
Furthermore, we have an isomorphism from the multiplicative structure of 
G,/G,+, to the additive structure of Nj/Nj+l; 
[4, p. 791. 
Since N” =:- (0) and GI, =: (13 we have 
G,L+, z N’l-l, rank(G,-i) = rank(hr’L-l). (1.2.7) 
From ( 1.2.6) and (1.2.7) we deduce that 
rank(G),-,) = rank(N”+‘). 
&Iore generally if we are given that 
rank(Gj+,) : rank(n”+l), j> 1, 
then relation (1.2.6) implies that 
rank(Gj) = rank(AWl), j 2 I. 
In particular, we find that 
rank(G,) = rank(N) = rank(ker y*). 
We apply these results to the relation (1.2.5) and we obtain the relation 
rank(A*) = rank(i2/N)* + rank(N). (I .2.8) 
Let N = fly qj , q, --~ p,/N, pi distinct prime ideals of A containing N, 
1 < i :< m. We then have the isomorphisms 
lli ,l, 
-4/p, ‘v (A/N)‘qi , 1 z i z< m, n L4:‘& ‘v n (A,;N):‘qz . 
1 1 
The canonic mapping 
is injective. Case (ii) therefore implies that 
Jl, 
rank(A/N)* = c rank(A/p,)*. 
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Hence applying the relation (1.2.8) we deduce that 
rank(A*) = f rank(A/p,)* + rank(N). 
1 
THEOREM 1.2.9. Let us suppose that R is a rational global ring and let A 
be a free R-algebra of rank n. Then we have the inequality: 
rank(A*) < n. 
We shall need the following: 
LEMMA 1.2.10. Let us suppose that R is a principal ideal domain and let A 
be a free R-algebra of rank n with nil-radical N. Then we have the relation 
rank(N) < rank(A). 
Proof of the Lemma. The nil-radical N is a free submodule of A. Let 
{Wl ,a**, wn} be a basis of A and suppose that rank(N) = n. Then there exist 
elements ci E R, 1 < i < n, ci # 0, such that {clwl ,..., c,w,} is a basis of N. 
For each element ciwi , 1 < i < n, there exists an integer n(i) such that 
(ciwi)n(i) = c:(~)w!(~) = 0. Since Qi) # 0 and A is torsion free, we must have 
WY@) = 0, wi EN, 1 < i < n. This, on the other hand, implies that A = N, z 
which is absurd. 
Proof of the Theorem. Let N = fly pi , pi distinct minimal prime ideals 
of A. 
In the proof of case (ii) of Theorem 1.2.1 we saw that 
rank(A/N) = rank fi (A/p,) = 5 rank(A/p,). [ 1 1 1 
Hence applying (1.2.4) we find that 
rank(A) = $’ rank(A/p,) + rank(N) = n. 
1 
Let rank (A/p,) = ai , 1 < i < m, 
rank(N) = a,,, , ai > 0, ai E 2. 
(1.2.11) 
The relation (1.2.11) tells us that 
m+1 
C ai = n. 
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The residue rings Alpi , 1 < i < m, are integral domains and finite 
R-algebras, their quotient fields Ki are therefore either global fields or finite 
fields. Hence there are only two possibilities: 
(i) rank(A/pi)* = 0, if char Ki # 0, 
(ii) rank(A/p,)* < ai, if char Ki = 0. 
This is a consequence of Theorem 1.1.18 and of the Dirichlet unit theorem 
[3, Theorem 33.10, p. 771. Now applying Theorem 1.2.1 and Lemma 1.2.10 
we find that 
rank(A *) = t rank(A/p,)* + 
Wl+1 
rank(N) < c a, = n. 
1 1 
3. APPLICATIONS 
The following are a direct consequence of 1 .1.14, 1.2.1, 1.2.9 and the 
Dirichlet unit theorem. 
Remark 1.3.1. Let R be an integral global ring, A a free R-algebra of 
rank n, {wr ,..., w,} a basis of A and let N = n,” pi . Then the norm 
iv,,,(x,w, + “. + P&&w,) = F(x, )..., xn) 
is a full form with coefficients in R and the equation 
F(,x:, ,... ) x’,) = 1 (1.3.2) 
shall have an infinite number of solutions in R” if and only if one of the 
following is true: 
(i) rank(A/p,)* > 1, for some i, 1 < i :< m, 
(ii) rank(N) > 1. 
Remark 1.3.3. Let R be an integral domain having an infinite number of 
elements, A a free algebra of rank n and let 
Then the form 
NAIR(OI) = F(x, )..,, Xn) = 0 (1.3.4) 
shall have an infinite number of solutions in R” iff A has zero-divisors. 
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Remark 1.3.5. Let P(X) be a manic polynomial of degree > 1, 
P(x) = fi ly’(x) E Z[x], 
P,(X) being the distinct irreducible factors of P(X), 1 < i < m, and let 
A = Z[x]/(P(x)). Then rank(A ) * > I iff P(X) satisfies one of the following 
conditions: 
(i) P(X) is not quadratfrei, 
(ii) P(X) is quadratfrei and at least one of the factors Pi(x), 1 < i .< m, 
is neither linear nor quadratic with complex roots. 
Remark 1.3.6. The hypothesis being that of Remark 1.3.5, we conclude 
that 
N&/z(xl + x,e + .” + xpl) = F(x, ,..., x,), 
0 a root of P(X), is a full decomposable form with coefficients in Z, and the 
Diophantine equation 
F(x, ,..., XT&) = f 1 
will have an infinite number of solutions in Z” iff P(X) satisfies one of the 
conditions (i) or (ii) of Remark 1.3.5. 
Remark 1.3.7. Let us suppose that R = k[x], k a finite field, let 
P(y) E R[y], P(y) manic in y of degree > 1, and let A = R[y]/(P(y)). Then 
rank(A*) >, 1 iff P(y) is not quadratfrei. 
Remark 1.3.8. The hypothesis being that of Remark 1.3.7, we conclude 
that 
~A,R(x~ + x2y + ... + xn~~-~) = F(x, ,..., xn) 
is a full decomposable form with coefficients in R, and the equation 
F(x, ,..., x,) = 1 
will have an infinite number of solutions in R” iff P(y) is not quadratfrei. 
REFERENCES 
1. M. DEURING, “Algebren,” 2nd ed., Springer-Veriag, Berlin, 1968. 
2. M. EICHLER, “Introduction to the Theory of Algebraic Numbers and Functions,” 
Academic Press, New York, 1966. 
3. 0. T. O’MEARA, “Introduction to Quadratic Forms,” Springer-Verlag, Berlin, 1963. 
4. P. SAMUEL, “ThCorie Algebrique des Nombres,” Hermann, Paris, 1967. 
552 MALEK 
5. P. SAMUEL, A Propos du ThCoritme des Unit&, Bull. Sci. Math. France 90 (1966), 
89-96. 
6. P. SAMUEL AND 0. ZAHISKI, “Commutatix-e Algebra,” Vol. I, Van Nostrand, 
Princeton, NJ, 1958. 
